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1. Introduction
A Hardy inequality in the upper half-space states that, for u ∈ C∞0 (Rn+),∫
R
n+
∣∣∇u(x)∣∣2 dx 1
4
∫
R
n+
|u(x)|2
x2n
dx, (1.1)
where Rn+ = {(x1, . . . , xn) ∈ Rn | xn > 0}. Recently, there are many Hardy inequalities that generalized the inequality (1.1)
(see e.g. [5,7,11] and references therein). One of the results in [11] states that, for all u ∈ C∞0 (Rn+), there holds∫
R
n+
∣∣∇u(x)∣∣2 dx 1
4
∫
R
n+
|u(x)|2
x2n
dx+ 1
4
∫
R
n+
|u(x)|2
x2n−1 + x2n
dx (1.2)
and a Hardy inequality in the domain Ω = {(x1, . . . , xn) ∈Rn | x1  0, . . . , xn  0} states that, for u ∈ C∞0 (Ω),∫
Ω
|∇u|2 dx 2n − 1
4n2
∫
Ω
(
1
x21
+ · · · + 1
x2n
)
|u|2 dx+ 1
4
∫
Ω
|u|2
|x|2 dx (1.3)
(see [10]).
In this paper we shall consider the analogous Hardy inequality (1.1) on the Heisenberg group Hn (see Section 2 for
deﬁnitions and properties). One of the main results is the following theorem.
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Hn,+
|∇Hu|2 dxdt 
∫
Hn,+
|x|2
t2
|u|2 dxdt + (Q + 2)(Q − 2)
4
∫
Hn,+
|u|2
ρ2
· |x|
2
ρ2
dxdt, (1.4)
where Hn,+ = {(x, t) ∈ Hn | t > 0}, ρ = (|x|4 + t2) 14 and Q = 2n + 2 is the homogeneous dimension of Hn.
We note the constant in inequality (3.5) is 1 not 14 (for the reason see Remark 2.2).
Next we shall show the Hardy inequality (1.2) is sharp. In fact, we have the following theorem.
Theorem 1.2. There holds, for u ∈ C∞0 (Rn+),∫
R
n+
|∇u|2 dx 1
4
∫
R
n+
|u|2
x2n
dx+ (k − 1)
2
4
∫
R
n+
|u|2
x2n−k+1 + · · · + x2n
dx (1.5)
and (k−1)
2
4 is the best constant in (1.5).
The proof of Theorem 1.2 depends on a sharp L2 Hardy inequality given by S. Secchi, D. Smets and M. Willem (see [9])
and the following fact:
(
√
xn )
−1
(
− − 1
4x2n
)(√
xnu(x)
)= −( ∂2
∂x21
+ · · · + ∂
2
∂x2n−1
)
u(x) −
(
∂2
∂x2n
+ 1
xn
∂
∂xn
)
u(x). (1.6)
Note that
∂2
∂x2n
+ 1
xn
∂
∂xn
is the two-dimensional Laplacian of a radial function. We have(
∂2
∂x2n
+ 1
xn
∂
∂xn
)
u(x) =
(
∂2
∂ y21
+ ∂
2
∂ y22
)
u
(
x1, . . . , xn−1,
√
y21 + y22
)
. (1.7)
Here we set xn =
√
y21 + y22.
Corollary 1.3. Let Ω j = {(x1, . . . , xn) ∈Rn | x1  0, . . . , x j  0}, j = 1,2, . . . ,n. There holds, for u ∈ C∞0 (Ω j),∫
Ω j
|∇u|2 dx 1
4
∫
Ω j
(
1
x21
+ · · · + 1
x2j
)
|u|2 dx+ (n + j − 2)
2
4
∫
Ω j
|u|2
|x|2 dx (1.8)
and (n+ j−2)
2
4 is the best constant in (1.8).
We have, by Corollary 1.3, for j = n,∫
Ωn
|∇u|2 dx 1
4
∫
Ωn
(
1
x21
+ · · · + 1
x2n
)
|u|2 dx+ (n − 1)2
∫
Ωn
|u|2
|x|2 dx,
which improves the inequality (1.3).
2. Proof of Theorem 1.1
Let Hn = (R2n ×R,◦) be the (2n + 1)-dimensional Heisenberg group whose group structure is given by
(x, t) ◦ (x′, t′) =
(
x+ x′, t + t′ + 2
n∑
j=1
(
x2 j x
′
2 j−1 − x′2 j−1x2 j
))
.
The vector ﬁelds
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∂x2 j−1
+ 2x2 j ∂
∂t
,
X2 j = ∂
∂x2 j
− 2x2 j−1 ∂
∂t
( j = 1, . . . ,n) are left invariant and generate the Lie algebra of Hn .
The Kohn’s sub-Laplace on Hn is
H =
2n∑
j=1
X2j =
2n∑
j=1
∂2
∂x2j
+ 4|x|2 ∂
2
∂t2
+ 4
n∑
k=1
(
x2 j
∂
∂x2 j−1
− x2 j−1 ∂
∂x2 j
)
∂
∂t
and the subgradient is the (2n)-dimensional vector given by
∇H = (X1, . . . , X2n) = ∇x + 2Λx ∂
∂t
,
where ∇x = ( ∂∂x1 , . . . , ∂∂x2n ), Λ is a skew symmetric and orthogonal matrix given by
Λ = diag( J1, . . . , Jn), J1 = · · · = Jn =
(
0 1
−1 0
)
.
A function f on Hn is called partial symmetry with respect to origin if f (x, t) = f˜ (|x|, t). We note that if the function f
has partial symmetry with respect to origin, then
H f (x, t) =
(
2n∑
j=1
∂2
∂x2j
+ 4|x|2 ∂
2
∂t2
)
f (x, t) (2.1)
and the operator
2n∑
j=1
∂2
∂x2j
+ 4|x|2 ∂
2
∂t2
is known as the Grushin operator (see [3,4,8]).
For each real number λ > 0, there is a dilation naturally associated with the group structure which is usually denoted
as δλ(x, t) = (λx, λ2t). The Jacobian determinant of δλ is λQ , where Q = 2n + 2 is the homogeneous dimension of Hn . For
simplicity, we use the notation λ(x, t) = (λx, λ2t). The anisotropic dilation on Hn introduce a homogeneous norm
ρ(x, t) = (|x|4 + t2) 14 .
For simplicity, we always write it ρ . We note that for radial function f , i.e. f (x, t) = f (ρ), there holds∣∣∇H f (ρ)∣∣= |x|
ρ
∣∣ f ′(ρ)∣∣ (2.2)
(see [2]). With this norm, we can deﬁne the Heisenberg ball centered at origin with radius R B(0, R) = {(x, t) ∈ Hn:
ρ(x, t) = R} and the unit sphere Σ = ∂B(0,1). The volume of such ball is CQ RQ and the volume of ∂B(0, R) is C ′Q RQ −1 for
some constants CQ ,C ′Q depending on Q . The fundamental solution of H is given by ρ2−Q , i.e., there exists some constant
c > 0 such that
−H 1
ρQ −2
= cδ0
(see e.g. [6]).
Set, for y > 0,
G(x, t; y) = 1
(|x|4 + (t − y)2) Q −24
− 1
(|x|4 + (t + y)2) Q −24
. (2.3)
G(x, t; y) is nothing but the Green’s function on the half-space Hn,+ .
Proof of Theorem 1.1. Firstly, we use the method given by Adimurthi and A. Sekar (see [1, p. 1113]) to prove the following
inequality:∫
Hn,+
|∇Hu|2 dxdt  1
4
∫
Hn,+
|∇HG|2
G2
u2, (2.4)
where G = G(x, t; y) given by (2.3).
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∇Hu =
(
1
2
· ∇HG
G
+ ∇H v
v
)
u
and ∫
Hn,+
|∇Hu|2 = 1
4
∫
Hn,+
|∇HG|2
G2
u2 +
∫
Hn,+
〈∇HG,∇H v〉
Gv
u2 +
∫
Hn,+
|∇H v|2
v2
u2
= 1
4
∫
Hn,+
|∇HG|2
G2
u2 +
∫
Hn,+
v〈∇HG,∇H v〉 +
∫
Hn,+
|∇H v|2G
= 1
4
∫
Hn,+
|∇HG|2
G2
u2 + 1
2
∫
Hn,+
〈∇HG,∇H v2〉 +
∫
Hn,+
|∇H v|2G
= 1
4
∫
Hn,+
|∇HG|2
G2
u2 + 1
2
cv2(0, y) +
∫
Hn,+
|∇H v|2G
= 1
4
∫
Hn,+
|∇HG|2
G2
u2 + 1
2
∫
Hn,+
|∇H v|2G
 1
4
∫
Hn,+
|∇HG|2
G2
u2,
since G(x, t; y) is the Green’s function on the half-space Hn,+.
We note that the inequality (2.4) holds for all y > 0. So we can let y → 0+. It is easy to check that
lim
y→0+
G(x, t; y)
y
= (Q − 2)t
(|x|4 + t2) Q +24
= 2(Q − 2)ρ−Q −2t (2.5)
and
lim
y→0+
|∇HG(x, t; y)|
y2
= lim
y→0+
∣∣∣∣∇H G(x, t; y)y
∣∣∣∣2 = 4(Q − 2)2∣∣∇H (ρ−Q −2t)∣∣2
= 4(Q − 2)2(∣∣∇Hρ−Q −2∣∣2t2 + 2ρ−Q −2t〈∇Hρ−Q −2,∇Ht〉+ ρ−2Q −4|∇Ht|2). (2.6)
Recall that ∇H = ∇x + 2Λx ∂∂t , we obtain, by (2.2)∣∣∇Hρ−Q −2∣∣2 = (Q + 2)2ρ−2Q −8|x|2,
|∇Ht|2 = 4|x|2,〈∇Hρ−Q −2,∇Ht〉= 〈(−2− Q )ρ−6−Q |x|2x+ 2Λx∂ρ−Q −2
∂t
,2Λx
〉
= 〈2Λx,2Λx〉∂ρ
−Q −2
∂t
= −2(Q + 2)ρ−Q −6|x|2t
and hence, by (2.6),
lim
y→0+
|∇HG(x, t; y)|2
y2
= 4(Q − 2)2
[
4|x|2
ρ2Q +4
+ (Q + 2)(Q − 2) |x|
2t2
ρ2Q +8
]
. (2.7)
Here we use the fact 〈Λx,Λx〉 = |x|2 and 〈x,Λx〉 = 0 since Λ is a skew symmetric and orthogonal matrix. One can deduce
inequality (3.5) by (2.4), (2.5) and (2.7). This completes the proof of Theorem 1.1. 
Remark 2.1. We have, by Theorem 1.1, the Hardy inequality on half-space Hn,+ is the following∫
Hn,+
|∇Hu|2 dxdt 
∫
Hn,+
|x|2
t2
|u|2 dxdt. (2.8)
J.-W. Luan, Q.-H. Yang / J. Math. Anal. Appl. 347 (2008) 645–651 649Remark 2.2. It is surprised that the constant in (2.8) is 1 not 14 . To see this, we consider the Grushin operator like L =
x + (α + 1)2|x|2αt , α > 0, where
x =
n∑
i=1
∂2
∂x2i
, t =
m∑
j=1
∂2
∂t2m
.
The associated gradient is
∇L :=
(∇x, (α + 1)|x|α∇t).
Set
ρ˜ = (|x|2(α+1) + |t|2) 12(α+1) .
Then the fundamental solution of L is ρ˜ 2−Q˜ , where Q˜ = n + m(α + 1) is the homogeneous dimension associated to L
(see [4,8]). Now, we choose m = 1. The following function
G˜(x, t; y) = 1
(|x|2(α+1) + (t − y)2) Q˜ −22(α+1)
− 1
(|x|2(α+1) + (t + y)2) Q˜ −22(α+1)
, y > 0,
is nothing but the Green’s function on half-space Rn ×R+ = {(x, t) ∈Rn ×R | t > 0}. With the same argument in the proof
of Theorem 1.1, one can check that, for u ∈ C∞0 (Rn ×R+),∫
Rn×R+
|∇Lu|2  (α + 1)
2
4
∫
Rn×R+
|x|2α
t2
u2 + (Q˜ + 2α)(Q˜ − 2)
4
∫
Rn×R+
u2
ρ˜ 2
· |x|
2α
ρ˜ 2α
. (2.9)
We get, by (2.9), for α = 0 and t = xn+1,∫
Rn×R+
|∇u|2  1
4
∫
Rn×R+
u2
x2n+1
+ (n + 1)(n − 1)
4
∫
Rn×R+
u2
|x|2 + x2n+1
and for α = 1,∫
Rn×R+
|∇Lu|2 
∫
Rn×R+
|x|2
t2
u2 + (Q˜ + 2)(Q˜ − 2)
4
∫
Rn×R+
u2
ρ˜ 2
· |x|
2
ρ˜ 2
.
This is why the constant in (2.8) is 1. However, the constant (Q˜ +2α)(Q˜ −2)4 in (2.9) is not sharp, as we shall prove in the next
section.
3. Proof of Theorem 1.2
Now we prove Theorem 1.2.
Proof of Theorem 1.2. It has been proved in [9] that the following Hardy inequality holds for all v ∈ C∞0 (Rn−1x ×R2y):∫
R
n−1
x ×R2y
|∇v|2  (k − 1)
2
4
∫
R
n−1
x ×R2y
v2
x2n−k+1 + · · · + x2n−1 + y21 + y22
. (3.1)
Moreover, the constant (k−1)
2
4 is sharp.
Consider all the functions like v(x, y) = v(x, |y|) in (3.1). The constant (k−1)24 in (3.1) is also sharp for such functions
(see [9]). Set xn = |y|, we can deduce, by (1.6) and (1.7),∫
R
n−1
x ×R2y
|∇v|2 =
∫
R
n−1
x ×R2y
(
√
xn )
−1
(
− ∂
2
∂x21
− · · · − ∂
2
∂x2n−1
− 1
4x2n
)(√
xnv(x)
) · v(x). (3.2)
One substitutes u(x) = √xnv(x) into (3.2) and one gets, by (3.1) and using the polar coordinates on R2y ,
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R
n−1
x ×R2y
|∇v|2 =
∫
R
n+
(
√
xn )
−1
(
− ∂
2
∂x21
− · · · − ∂
2
∂x2n−1
− 1
4x2n
)(√
xnv(x)
) · xnv(x) · 2π∫
0
dθ
=
( ∫
R
n+
|∇u|2 − 1
4
∫
R
n+
|u|2
x2n
dx
)
·
2π∫
0
dθ  (k − 1)
2
4
∫
R
n+
u2
x2n−k+1 + · · · + x2n
·
2π∫
0
dθ, (3.3)
i.e. ∫
R
n+
|∇u|2 − 1
4
∫
R
n+
|u|2
x2n
dx (k − 1)
2
4
∫
R
n+
u2
x2n−k+1 + · · · + x2n
valid for all u(x) = √xnv(x) that vanishes for xn = 0. The constant (k−1)24 is also sharp. This completes the proof of Theo-
rem 1.2. 
Proof of Corollary 1.3. We observe that
(
√
x1 · · · x j )−1
[
− − 1
4
(
1
x21
+ · · · + 1
x2j
)](√
x1 · · · x ju(x)
)= − j∑
i=1
(
∂2
∂x2i
+ 1
xi
∂
∂xi
)
u(x) −
(
∂2
∂x2j+1
+ · · · + ∂
2
∂x2n
)
u(x)
and (
∂2
∂x2i
+ 1
xi
∂
∂xi
)
u(xi) =
(
∂2
∂ y21i
+ ∂
2
∂ y22i
)
u
(√
y21i + y22i
)
,
for i = 1, . . . , j. One can see that the proof is completely analogue to the proof of Theorem 1.2. These complete the proof of
Corollary 1.3. 
Next, we consider analogue results for Grushin operator like L= x + (α+1)2|x|2αt , α > 0. The following sharp Hardy
inequality can be found in [3]:∫
Rn×Rm
|∇Lu|2  (Q˜ − 2)
2
4
∫
Rn×Rm
u2
ρ˜ 2
· |x|
2α
ρ˜ 2α
, (3.4)
for all u ∈ C∞0 (Rn ×Rm), where Q˜ and ρ˜ are introduced in Remark 2.2. We note the constant (Q˜ −2)
2
4 is also sharp for all
the functions u ∈ C∞0 (Rn ×Rm) satisfying u(x, t) = u(|x|, |t|). Choose m = 1 and observe the following fact:
(
√
t )−1
(
−L− (α + 1)
2|x|2α
4t2
)(√
tu(x, t)
)= −xu(x) − (α + 1)2|x|2α( ∂2
∂t2
+ 1
t
∂
∂t
)
u(x).
Considering the sharp Hardy inequality in (3.4) for m = 2 and the functions u satisfying u(x, t) = u(x, |t|), one can check the
following Hardy inequality holds:∫
Rn×R+
|∇Lu|2  (α + 1)
2
4
∫
Rn×R+
|x|2α
t2
u2 + (n + 2α)
2
4
∫
Rn×R+
u2
ρ˜ 2
· |x|
2α
ρ˜ 2α
,
i.e. ∫
Rn×R+
|∇Lu|2  (α + 1)
2
4
∫
Rn×R+
|x|2α
t2
u2 + (Q˜ + α − 1)
2
4
∫
Rn×R+
u2
ρ˜ 2
· |x|
2α
ρ˜ 2α
and (Q˜ +α−1)
2
4 is sharp.
Choose α = 1. We have the following corollary.
Corollary 3.1. Let u ∈ C∞0 (Hn,+). If u has partial symmetry with respect to origin, then∫
Hn,+
|∇Hu|2 dxdt 
∫
Hn,+
|x|2
t2
|u|2 dxdt + Q
2
4
∫
Hn,+
u2
ρ2
· |x|
2
ρ2
dxdt (3.5)
and Q
2
4 is sharp.
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